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* 
A Development o f  t h e  Describing Function for 
Two Non l inea r i t i e s  Separated by a Linear  Function 
Frequency response techniques are a va luable  tool i n  the  a n a l y s i s  
and syn thes i s  of l i n e a r  as w e l l  as non l inea r  systems. The descr ib ing  
func t ion  a n a l y s i s  of a nonl inear  system o f t e n  clearly i n d i c a t e s  t h e  
ex i s t ance  of a possible l i m i t  cycle frequency and amplitude as w e l l  as 
t h e  effect of system ga in  on the  amplitude and frequency of t h e  l i m i t  
cycle. 
-- 
The use of desc r ib ing  func t ions  i n  ana lyz ing  a system conta in ing  a 
s i n g l e  n o n l i n e a r i t y  has been inves t iga ted  i n  many papers  and books i n  
t h e  past. 
but  no t  frequeGcy s e n s i t i v e  t h e  ana lys i s  of a system conta in ing  o n l y  
When t h e  descr ib ing  func t ion  o f  a n o n l i n e a r i t y  i s  amplitude 
one such n o n l i n e a r i t y  can be c a r r i e d  out  by s tandard procedure. If 
t h e  n o n l i n e a r i t y  is  frequency s e n s i t i v e ,  t h e  r e s u l t a n t  a n a l y s i s  is  
cons iderably  more involved. 
I n  many p r a c t i c a l  problems t h e r e  exist:  t w o  or more n o n l i n e a r i t i e s  
which are separa ted  by one o r  two l i n e a r  blocks. 
o v e r a l l  desc r ib ing  func t ion  i s  almost always frequency and amplitude 
I n  t h i s  case t h e  
dependent. This  i s  so because even though t h e  two n o n l i n e a r i t i e s  may 
be frequency i n s e n s i t i v e  t h e  in te rvening  l i n e a r  block i s  u s u a l l y  
frequency dependent. 
The o f t e n  encountered n o n l i n e a r i t i e s  of dead zone and b lacklash  
appear  many times i n  such a way t h a t  t h e  separa t ion  of l i n e a r  and non- 
l i n e a r  po r t ions  cannot be achieved. 
type of problem. 
This  report d e a l s  i n  analyzing such 
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Fig. 1. 
The combined nonl inear  func t ion  of deadzone .H. backlash  . 
Fig .  1 i n d i c a t e s  a combination of deadzone and backlash non l inea r i ty  
c 3 
separated by a l i n e a r  block H( jo). It i s  apparent t h a t ,  i n  general  , t h e  
desc r ib ing  func t ion  of t h e  combined n o n l i n e a r i t y  w i l l  be s e n s i t i v e  to t h e  
amplitude as w e l l  as t h e  frequency of  R. It  i s  known t h a t  i f  H ( j o )  is  a 
s u f f i c i e n t l y  good f i l t e r  so t h a t  a s inusoida l  input  may be assumed t o  t h e  
func t ions  ob ta in ing  
where B = I s i n  o t 1 0 
and I = I G (I H ( g )  1 D Z  1 
where t h e  desc r ib ing  func t ion  G 
be a func t ion  of I 1, Gm, and H. 
of t h e  back la s t  non l inea r i ty  i s  seen t o  
BL 
When H ( j o )  does no t  act as a good f i l t e r  then t h e  problem is  much 
more complicated due t o  t h e  presence o f  h ighe r  harmonics i n  Y. I n  t h e  
general  case l e t  H ( s )  = K 
I 'ps + 1 R = I  s h o t  1 0 
Then X ( t )  = (See Fig. 2) 
p = s i n  -1 6 
t 
Fig. 2. Deadzone Output 
X ( t ) = O  . . .  o < t < p  - -  
3 
1 
X ( t )  = 0 (n - 8 )  5 mot - < (n + p >  
X ( t )  =cl s i n  mot +6) . . . (n + $1  2 m o t  - ( 2 A -  p) 
= o  (2n - ,R) 5 LJ t 21r 
0 -  
2n X ( t )  is a per iodic  func t ion  of per iod - . 
w 
0 
2rr o c t c -  - - - w  
Note t h a t  5(t) = X(tj over one i n t e r v a l  and i s  zero  elsewhere. 
It can be shown t h a t  where Y, i s  t h e  des i red  s teady  state so lu t ion ,  Y 
the  t o t a l s o l u t i o n  and Yt i s  t h e  t r a n s i e n t  so lu t ion .  
1 
i s  1 
and Y,(t)  Residue of x-) est at t h e  po le s  of H(d. 
0 
Now c 
+ 4 S p a s  
I1(cos 8 ,  wo 
s2 + w 2 
0 
r 
d s  + 
s 2 + 0 2  0 
’-r 
+ e  
-as -e -bs -e -cs + . - d l  
where a = $/w 
0 
b z x - 8  
w 
0 
- * + B  c -  w 
0 
2n - p d =  
0 
0 
lSeshu E Balbanian, LINEAR NFIWDRK ANALYSIS, Wiley, pp 168-173. 
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Gquation 1 w a s  solved on a d i g i t a l  computer and Y ( t ) w a s  obtained f o r  
var ious  va lues  of I Because Y ( t )  is  p e r i o d i c  and symmetric Z ( t )  can  
be easily p lo t ted .  Z(t) was then  expanded i n  a Four i e r  series and t h e  
1' 
amplitude as w e l l  as phase s h i f t  of t h e  fundamental term, Zo, was  de- 
termined. The ove ra l l  descr ib ing  func t ion  i s  
lThe de lay  terms e-as, e-bs, eeS, and e-ds should be incorporated i n t o  
t h e  t i m e  funct ions;  i.e., F(skas = f(t-a) U ( t - a ) .  T h i s  i s  n o t  done h e r e  
because it would r e s u l t  i n  a lengthy,  cumbersome expression. 
5 
From t h i s  a family of descr ib ing  func t ions  i s  generated. 
For the  a n a l y s i s  of any system we have t o  solve t h e  c h a r a c t e r i s t i c  
equat ion,  G L ( j o  0 1 Gn(I l , jwo)  = -1 
and G i s  t h e  desc r ib ing  funct ion D - 
where G i s  any l i n e a r  t r a n s f e r  func t ion  
of t h e  combined non l inea r i t i e s .  
L 
Fig. 3. A block diagram of a t y p i c a l  con t ro l  system. 
vs. (-180°+ k l  dbs So for t h e  cons t an t  r a t i o  of ( d R )  a family of W 
phase s h i f t )  curves  are p lo t t ed  from which t h e  amplitude and frequency of t h e  
l i m i t  cycle can be determined. The descr ib ing  func t ion  p l o t s  are shown on 
Figures  4 through 10 for t h e  var ious  parameter var ia t ions .  As an example of 
how to use  t h e s e  curves consider  t he  fol lowing problem. 
Example: Re fe r r ing  t o  Fig. 3 l e t  t h e  l i n e a r  t r a n s f e r  func t ion  
GL be 
and -- 
Assume t h a t  t h e  deadzone half-width d and t h e  h y s t e r e s i s  width W are each 0.8. 
A l s o  assume t h a t  t h e  ga in  f a c t o r  K i n  H ( j d  of t h e  combined n o n l i n e a r i t y  i s  1. 
For K = 1 and Ka = 2.5 determine t h e  l i m i t  cycle frequency and amplitude,  i f  a 
any. 
Solut ion:  
d K  = 0.8x1= 1 choose Fig. 4 which shows a family of desc r ib ing  func t ion  curves 
W 0.8  
f o r  d K  -= 1. 
p lo t s .  
W 
i n t e r c e p t i o n s  between GL and - 
A p l o t  of GL(jw) = f o r  Ka = 1 is  shown i n  Fig. 11. Since  
- -
If Fig. 11 i s  superimposed on Fig. 4 note  t h a t  t h e r e  are no 
Therefore  for Ka=l t he  system e x h i b i t s  1 
GD 
. . -  
6 
*- 
no l i m i t  cyc l e  
L 
t h e  w10 po in t  
If t h e  G 
o scil  1 a t  ion. 
curve i s  moved up 8 db ( f o r  Ka=2.5) it can be seen t h a t  
on Pig. 1 3  coincides wi th  the Tw1 ( or wok = 10) curve 
on Fig. 4. This  i n t e r c e p t  occurs a t  a f r a t i o  of 0.32. Since dz0.8 
‘I1 0.32 
and its amplitude i s  2.5. 
I1 
- Oo8 = 2.5. Thus t h e  l i m i t  cycle frequency i s  1 0  r ad iandsecond  
Conclusions. The f a m i l i e s  of descr ib ing  func t ion  p l o t s  shown i n  F igures  
4 through 10 should be of d e f i n i t e  a i d  t o  t h e  con t ro l  system engineer  
who is  confronted wi th  analyzing a system conta in ing  t h e  p a r t i c u l a r  non- 
l i n e a r i t y  combination of deadzone and backlash separated by a l i n e a r  block- 
Although enly me --7 e 9 m n l . e  r-- nrnblern is given in t h i s  repert, there arc several 
ways in which t h e  curves can be used i n  a problem ana lys i s .  For instance,  
t h e  internal ga in  K of t h e  linear block between t h e  two n o n l i n e a r i t i e s  
e x e r t s  cons iderable  inf luence  over t h e  e f f e c t i v e  backlash o r  deadzone 
widths. Thus i n  add i t ion  t o  con t ro l l i ng  t h e  overall system ga in  with 
K an  add i t iona l  f a c t o r  m u s t  be considered i n  using K. Also t h e  t i m e  
cons tan t  *c i n  H can be used a s  a design parameter. 
The technique presented here  f o r  ob ta in ing  the  desc r ib ing  func t ion  
of a particular nonl inear - l inear  func t ion  can be used i n  obta in ing  t h e  
desc r ib ing  func t ion  of many o ther  nonl inear - l inear  combinations. 
a n t i c i p a t e d  t h a t  work of t h i s  na ture  w i l l  be done i n  t h e  fu tu re .  
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